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Abstract 

Given a construction of smooth homotopy class invariants of smooth 
immersions M" -> R"+''. The particular case of A; = 1, n > 1 is a 
sequence of non-zero integrals, where the n — 2 term is the Gauss-Bonnet 
integral 



1 Basic example 

Take a smooth curve 7 = {x{t),y{t)) C R^. 
Statement 1.1 

Proof Denote u := x, v := y. Then the integral becomes 

vdu — udv 



where "^a^"^" is a closed from on — being a generator of i7^(R^ — 0; R). 

□ 

Note, that the above statement is the smooth analogue of the Euclidean 
geometry theorem about the sum of exterior angles of a polygon. 

If the curve has self-intersections, then in general 1(7) = 27rfc where k is the 
"winding number" of the tangent vector while moving along the curve. If we 
take a homotopy connecting two curves with different winding numbers then 
we have to pass trough a curve with a singularity of the form at some 

point. Those singular curves make a discriminant set in the space of smooth 
curves. 



2 General construction 

2.1 Codimension 1 case 

For each space P ~ {pq, . . . ,pn) we have a canonical closed form 
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on P - 0. 

Then for a smooth immersion of n-manifold M R""'"^ in each local chart 
. . . , tn) on M we have a Jacobian n x (n + 1) matrix 



J:= 



If we substitute via Plucker embedding pi — := ^ „(>^) (being the minor 
build on all except i-th columns of J) into u) then we get an integration form 
a'(A) on M . This form is correctly defined since the orientation preserving 
change of coordinates between charts multiplies all A^ by the same number (the 
Jacobian of the change) and w is invariant under such multiplication. For a non- 
orientable manifold the form w(A) may be interpreted as a two-valued from, or 
a form on a double covering of M . 
Since lo is closed then 



Statement 2.1 



( tj(A) = 2"7rfc 

J M 



where k is an integer invariant of a smooth homotopy class of smooth immer- 
sions of M . 

Note that in codimension 1 case this invariant equals to the degree of the 
corresponding Gauss map M" — > S'". 



2.1.1 Example: Gauss-Bonnet theorem 

Here n ^ 2 and 

_ Podpi A dp2 ~ Pidpa A dp2 + P2'^Po A dpi 

'^^ {pI+pI+pIY'^ 

For a smooth immersion — > R'^, (ii, ^ {xi,X2tXz) with the Jacobian 



J = 



dxi 



and po = Ao(J) = 11,1X2,2 - a:2,i2;i,2, Pi = Ai(J) = 10,13^2,2 - 2:2,12:0,2, P2 
A2(J) = a;o,ia;i.2 — 2:1,12:0,2 we have the integral 



c.(A) 



M 



AjAjdxi,i A dxj,2 f ^i^jixtjiXj,22 - 2;^, 122:^,21 )dtidi2 



M 



(^A2)3/2 



■'1,3 



(EA?)3/2 



One can check that Af = EG—F^ is the determinant (in Gauss notations) 
of the metric form induced on M from the Euclidean metric on R'^. Now for 
the numerator 



AiAj(Xj,iiXj,22 - Xi^i2Xj,2l) 



2:1,11 22,11 2:3,11 
2:1,1 22,1 2:3,1 
2:1,2 22,2 2:3,2 



21,22 2:2,22 2:3,22 
2:1,1 X2,l 23,1 
2:1,2 2:2,2 23,2 
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2^1,12 
Xl.2 



X2,12 
X2,l 
X2,2 



2:3,12 
2:3,1 
2:3,2 



2:1,21 
2:1,1 
2:1,2 



2:2,21 
2:2,1 
2:2,2 



2:3,21 
2:3,1 
2:3,2 



= In — 



is the determinant of the second fundamental form (in Gauss notations) . Since 
the area element on M is dS = y/ EG — F'^dtidt2 then we have 



n 



m 



,M J {EG-F^y 

which is the Gauss-Bonnet formula. 



;dS = 2ttx{M) 



2.2 AfRne Gauss map 

For a smooth immersion (f> : M" taking the minors of its Jacobian we 

get a map J" : M" —^ Gn,n+k, which is the higher codimension analogue of the 
Gauss map. 

Then for any closed n-form uj £ H"{Gn,n+k) its puUback J'*lu gives us a 
smooth homotopy class invariant J^^ J'*oj of smooth immersions of M. 

The generators of H"{Gn.n+k) have a natural representation in terms of 
Plucker coordinates p/ on Gn.n+k as 

_ Vii...i„{p)dPh A • • • A 

w 

where \p\ := ^^'^ fii...i„{p) arc homogeneous polynomials of degree 

d ^ n. 



2.2.1 Example: n = 2, Kahler form 

On the space R^^ — {0} we have a closed 2-form 

UJ = C^iptdpi + pi+Ndpi+n) A (jj-j+Ndpj - pjdp-j+N) 

-{pjdpi +pj+Ndpi+N) A {pj+Ndpi -pjdpi+N)) I \pt 

which is the imaginary (non-zero) part of the Kahler form 991og(|zip + • • • + 
jzATp) written in terms of complex coordinates Zj = pj + ipj^j\j. 

Note, that as a form on R^^ — {0} it is exact, but it is invariant under 
the natural C*-action on R^^ — {0} and its pull-back to the space CP^^^ of 
C*-orbits gives a non-trivial cohomology class. 

In particular, for a smooth complex submanifold X" C C'^*^' the corre- 
sponding Jacobian matrix, combined with the Plucker embedding gives us a map 
X" Cp("+''')~^. Then the pull-back of w is known as the first Chern class 
ci(X n H) of hypcrplane section line bundle over X. On the other hand, taking 
X" as a real 2n-diniensional immersion into R,2(n-i-fc) have the pull-back of uj 
in terms of real partial derivatives dxi/dtj, i = 1, . . . , 2(n + k), j ~ 1, . . . , 2n. 
Since the real d-closeness of lu is just the algebraic property of its expression in 
terms of these real partial derivatives, then J*uj'^ is a differential invariant 
for any immersion A/^" p^2(ri+fe)^ 
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2.3 Projective Gauss map 

For each point a; of a smooth projective manifold A/" C RP^ we have a (n+ 1)- 
dimensional subspacc in R^+^, tangent to M at a;, given by the Jacobian matrix 
of the cone over M in R^+^. So we have a (projective) Gauss map J : M" — > 

Gn+l,N+l- 

Example 2.1 Take n = 1, N = 2, i.e. a curve 7 C RP^. Take a chart 
Uq {{xq, Xi, X2)\ Xq ^ 0} (Z Hp — {0} and write the 2-parametric equation 
of the cone over 7 as xq = s, xi — s/i(i), X2 — 3/2(1:). The corresponding 
Jacobian matrix is 

sfi sj^ 

1 /l /2 



J = 



Take the form wq = ^'^'^^JT^Ji'^^'^ on R^ — {0}. Then its pull-hack J*ll>q to 
the image of Plucker embedding pi — Aj(J) of the Gauss image ofj is the form 
dt, known from Section 1. 

Note, that if ^ has a singularity in the Uq chart then J*u}q has a singularity 
at the corresponding point of"f (although the inverse is not true). Then we have 
a bundle uj{a) := J^o'^i'^i of singular forms on of which the pull-hacks to 
7 give integrals, being invariants if smooth homotopy classes of the Gauss map 
7 RP2 _ {50, 52}, yjhere q, = {p e RP^I Ej^.P? = «}• 



In the chart Ui :: 
parametrically as xo 
with the Jacobian 



{{xq, . . . tXn)\ Xi 7^ 0} the cone over M may be given 

S ■ foih, ■ ■ ■ ,tn), ■ ■ ■ , = S, . . . , Xn S ■ f^itl, . . . ,tn) 



J = 



V 



sfo,t„ 
fo 



sfN.t„ 
fN 



J 



where fi,tj := Having a singularity of AI in the chart Ui implies setting 
^iii...i„{J) = 0, for all ii < ••• < i„ C {!,..., iV}, which also imphes the 
degeneracy of the whole J. Then on the space of Plucker coordinates r(™+i) 
any form 

w= (X!v/i.../„(p)c^P/i A--- Arfp/J/bl'' 

(where ip{p) are homogeneous of degree d — n) has a pull-back J*w to M with 
singularities at all singular points of AT, regardless the chart of their location. 
Now take lu to be closed. 



Statement 2.2 For the pull-back J*uj to M the integral 

,T*uj 



M 



is a smooth homotopy class invariant of AT'"' C RP 



N 
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Note, that even if uj is exact as a form on r("+i) — {0} its pull-back to the 
projective manifold may give a non-trivial class (as it's the case in the above 
example). 

For a given immersion R"+'^ we may take a composition of the 

affine Gauss map Ja : Af" Gk.n+k ^ Rp("+'')^^ with the projective one 
J7p : J^a{M) G,^^-^ ^ k ^ and use the corresponding invariants. 

3 Gauss-Bonnet type invariants for polyhedra 

n = 1 This is the above mentioned theorem on the sum of the exterior angles of 
a polygon. 

n ~ 2 For a vertex of a triangulation the sum of angles over all triangles r of 
its star 

J2 (ar +/3r +7r) =7r|5t^| 
Test„ 

(where 15*^,^1 is the number of triangles) is a constant, invariant with respect to 
different immersions of the star. If a-^ denote angles adjesent to i/ then we can 
rewrite this identity as 

27r - ^ = 27r - ^(tt - (/3^ 4- 7^+1)) 

r r 

Note, that tt — (/3r + 7t+i) may by interpreted as a deformed exterior angle 
at a vertex fi G Ln^, with ajasent Pr and 7r+i which differs from the actual 
exterior angle as "much" as the immersion of the star at fi differs form lying in 
a 2-plane. We call this difference by a curvature Ki{^) of a 1-dimensional link 
at the vertex fi. Since 27r is the topological invariant of the link, which is equal 
to the sum of exterior angles when the link lies in a 2-plane then we can rewrite 
the above equation as 

i;2(:^) := 27r- ^ = 27r - ^ R\{n) 

and call E2{v) the exterior 2-angle of v via the immersion into R"^. Now the 
analogue of the theorem on exterior angles of a polygon is 

Statement 3.1 

V 

is the topological invariant of the immersion. 
Inductive step 

Having defined the exterior angle Ek{i') for a vertex of a fc-polyhedron in 
E'^"''^ and knowing the corresponding topological invariant 2*^77 of a fc-sphere we 
can define the curvature Kk{fJ.) at vertices of the fc-link of a fc-f 1-star immersed 
into R'^+^ . Then the k + 1-exterior angle is defined by induction 

Ek+iiiy) :=2'=7r- ^ Kk{p) 
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which may be regarded as a particular case of polyhedral Stokes formula, I^'k — 
corresponding to integration form of degree fc + 1. 
The corresponding invariant of immersions into R'"'+^ is 

4 Discussion 

The above consideration implies, that having a differential invariant of a mani- 
fold, written in terms of "intrinsic geometry" of M (such as Gauss-Bonnet), it 
may be convenient to represent it as a restriction onto M of some natural closed 
form defined on the appropriate target space of a smooth immresion of M. 

It would be interesting to see the polyhedral interpretation of the integral 
/^^ ijj(A) for codimM > 2 analogous to that in the curvature case above. Pro- 
vided having the polyhedral presentation of a;(A) we could compute the value of 
the corresponding polyhedral form at vertices of any polyhedra, including non- 
smoothable ones. Since each polyhedron may be smoothed almost everywhere 
then each embedding of such almost everywhere smooth manifold has irremov- 
able singularities at certain points corresponding to " non-smoothablc" vertices 
of our triangulation. Then the value of the polyhedral form at non-smoothable 
vertices should distinguish them among others, giving some maximal possible 
value (like 27r value for the curvature form at the cusp singularity of a plane 
curve) . 
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